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Mixing layer oscillations for a submerged horizontal wall-jet
Oscillations de la couche de mélange d’un jet pariétal horizontal immergé
LLOYD H.C. CHUA, Assistant Professor, School of Civil and Environmental Engineering, Nanyang Technological University,
50 Nanyang Avenue, Singapore 639798. Tel.: +65 6790 5249; fax: +65 6792 5326; e-mail: chcchua@ntu.edu.sg
(author for correspondence)
ENG BAN SHUY, Associate Professor, School of Civil and Environmental Engineering, Division of Environmental and Water
Resources Engineering, Nanyang Technological University, 50 Nanyang Avenue, Singapore 639798. Tel.: +65 6790 5326;
fax: +65 6792 1650; e-mail: cshuyeb@ntu.edu.sg
ABSTRACT
Measurements of the horizontal velocity component were made for a horizontal wall-jet emanating from a submerged sluice gate forming one side
of a large flow compartment. The existence of large-scale vortex structures was quantified by spectral analysis of the velocity measurements taken
at various distances from the floor of the flow compartment, for different measurement stations from the jet exit. Close to the jet exit, the spectra of
the velocity measurements within the potential core exhibit multiple peaks. Further downstream, the spectra are more defined and peak at the same
frequency, irrespective of whether the measurements were made within the potential core or the mixing layer. The spectral peak corresponds to the
passage frequency of large-scale vortex structures. Downstream of the potential core, the peak frequencies of the velocity spectra increase as the
measurement location was moved towards the floor of the flow compartment. The increase in peak frequencies is attributed to fluctuations associated
with the wall boundary layer. Predictions of the mixing layer instabilities were made using linear stability analysis. The predictions are in good
agreement with the observed vortex shedding frequencies in the mixing layer.
RÉSUMÉ
Des mesures de la composante horizontale de vitesse ont été faites pour un jet pariétal horizontal émanant d’une porte d’écluse submergée formant un
côté d’un grand compartiment d’écoulement. L’existence de structures de vortex à grande échelle a été évaluée par l’analyse spectrale des mesures de
vitesse prises à diverses distances du plancher du compartiment d’écoulement, et pour différentes stations de mesure depuis la sortie du jet. Près de la
sortie du jet, les spectres des mesures de vitesse dans le noyau potentiel montrent de multiples pics. Plus loin en aval, les spectres sont mieux définis et
ont leur maximum à la même fréquence que les mesures soient faites dans le noyau potentiel ou dans la couche de mélange. Le pic spectral correspond
à la fréquence de passage des vortex de grande taille. En aval du noyau potentiel, les pics de fréquence des spectres de vitesse augmentent au fur et à
mesure que l’on se rapproche du plancher du compartiment. L’augmentation des fréquences maximales est attribuée aux fluctuations liées à la couche
limite de paroi. Les prévisions des instabilités de la couche de mélange ont été faites en utilisant l’analyse de stabilité linéaire. Les prévisions sont en
bon accord avec les fréquences des lâchers de vortex observés dans la couche de mélange.
Keywords: Mixing layer, shear layer, wall-jet, instability, large-scale structures, linear stability analysis.
1 Introduction
Results of laboratory investigations studying the entrainment
rate of freshwater, contained within a section of a laboratory
flume, by an underflowing, denser saltwater layer were reported
by Larson and Malm (1992). The objective of this experiment
was to investigate the feasibility of storing freshwater in float-
ing bottomless tanks in the sea. The main principle governing
the operation of floating bottomless tanks for freshwater storage
is that a stable density interface is created by the density differ-
ence, thereby inhibiting mixing between the lighter freshwater
stored above the denser seawater, inside the tank. This study has
applications, in addition to freshwater storage, such as in the
Revision received March 14, 2005/Open for discussion until November 30, 2006.
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storage of storm runoff in combined sewer overflow facilities
(Field et al., 1990) and the storage of oil in offshore bottom-
less tanks (Raissi, 1974). Similar studies investigating freshwater
entrainment rates have also been undertaken in the laboratory
using a flume compartment (Foo et al., 1995). In several experi-
ments in the studies by Foo et al. (1995), standing internal waves
were observed at the density interface between the freshwater
layer inside the flow compartment and the underlying salt water
(Fig. 1a). Later, further experiments were carried out by Shuy
and Chua (1999) using the same experimental set-up as Foo et al.
(1995), albeit with a homogeneous fluid system to investigate the
occurrence of fluid dynamic feedback. An attempt was then made
to relate the cause of the internal standing waves to the presence of
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Figure 1 Schematic of experimental set-up.
large vortex structures generated at the shear layer formed at the
boundary between the wall-jet and the ambient fluid inside the test
compartment (H.C.L. Chua and E.B. Shuy, unpublished data).
The present study was carried out as part of an initial inves-
tigation to study the behaviour of the shear layer formed within
the 6.8 m working section shown in Fig. 1(b). This is similar
to studies on mixing layers reported in the literature, with char-
acteristics similar to those observed at high Reynolds numbers;
large vortex structures have been observed from visualization
and velocity measurements in the mixing layer exhibit a definite
periodicity which are associated with the passage of the vortex
structures. The early experimental works on coherent struc-
tures in turbulent flows were by Brown and Roshko (1974) and
Roshko (1976). Their visualization studies showed the existence
of large vortex structures in turbulent flows. The long correla-
tion times associated with coherent structures was established by
Dimotakis and Brown (1976). The autocorrelation functions they
obtained from velocity measurements were found to exhibit large
time lags. These large time lags are caused by the vortex inter-
actions (pairing) further downstream. The vortex interactions
influence the initial instability through a feedback mechanism.
These flow features have also been observed in the mixing zone
of highspeed turbulent air jets in experiments using a nozzle by
Ko and Davies (1975). Besides the mixing layer, the present
experiments also exhibit similar characteristics to wall-jet exper-
iments reported in the literature. As shown in Fig. 1(b), a wall-jet
is formed by the flow emanating beneath the upstream sluice
gate. The two-dimensional, incompressible wall-jet can be con-
sidered as an interacting region of fluid shear, comprising a wall
boundary layer and a free shear region. Early studies on two-
dimensional turbulent wall-jets were made by Albertson et al.
(1948) and Schwarz and Cosart (1960). These early works estab-
lished the self-preserving nature of the wall-jet, classifying it
as fully developed boundary layer type of flows. Other studies
on the applicability of the various scaling laws are provided by
Wygnanski et al. (1992). Reviews of jet studies can be found in
Launder and Rodi (1983) and Rajaratnam (1976). Spectral anal-
yses of velocity measurements in the inner and outer regions of
the laminar wall-jet have been studied by Cohen et al. (1992).
This study revealed the dominance of large-scale (corresponding
to the low-frequency peaks in the spectra) disturbances in the
outer layer, while the inner layer was dominated by the small-
scale (corresponding to the high-frequency peaks in the spectra)
disturbances. Katz et al. (1992) verified the dominance of the
small- and large-scale disturbances in the inner and outer regions,
respectively, for the forced turbulent wall-jet.
The purpose of the present study is therefore to elucidate
the similarity of the flow features observed in the current
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Mixed layer oscillations 117
experimental set-up with past studies on mixing layers and wall-
jets conducted at large Reynolds numbers. Predictions of the
mixing layer instabilities will also be made using linear stability
theory and the predictions compared with experimental results. It
is anticipated that a better understanding of the mixing layer flow
in the current experimental set-up will provide insight towards
the link between the mixing layer instabilities and the standing
internal waves observed previously.
2 Experimental set-up and instrumentation
The experimental set-up used in the present study is similar to
that used in a previous study by Shuy and Chua (1999) on the
feedback mechanism caused by jet impingement at the internal
compartment wall (Fig. 1a). For brevity, only the features that
are pertinent to this study are mentioned.
As shown in Fig. 1(a), the dimension of the jet exit isHo×W =
0.2 m×0.45 m. The water depth, h, in the flow compartment was
held constant at 2.0 m. Freshwater was used in the experiments.
The large opening, Ho, at the jet exit allowed the development
of a mixing layer above the potential core, where large vortex
structures, associated with instabilities of the mean flow in the
mixing layer were observed. Near the downstream sluice gate,
located at a distance Lc = 6.8 m away from the jet exit, part of
the mean flow is deflected upwards, forming a large re-circulating
cell within the flow compartment.
Practical difficulties precluded the use of velocimetry tech-
niques such as acoustic Doppler velocimeter (ADV) or hot film.
The ADV could not be used owing to the large water depth as it
was not possible to submerge the probe entirely underwater. It
was also difficult to keep the water in the flume completely free
of air bubbles, and small particles in suspension interfered with
the use of the hot film. For these reasons, velocity measurements
were made with a miniature propeller current meter (Shinozuka,
model 3V-SW). The blades of the miniature propeller measure
3 mm in diameter and weigh 2 mg. The propeller, made of stain-
less steel has eight blades and rotates about a tungsten shaft.
Its small size and light weight makes it very sensitive to small
changes in the flow field. The rotation of the blades is detected
by an infrared sensor, and the signals are fed into an amplify-
ing unit via a shielded signal cable. The propeller measures the
horizontal velocity component, ux, and is also sensitive to flow
direction, giving positive and negative outputs when the probe
axis is positioned inline and at 180◦, respectively, to the flow.
The use of the miniature propeller is justified in this exper-
iment as the objectives of the velocity measurements are to:
(i) capture the passage of large-scale vortices, typically with a
periodicity of 1–10 s; and (ii) make point measurements of the
time-averaged velocity. The performance of the instrument was
verified by: (i) comparing the vortex passage frequencies detected
by the miniature propeller (obtained from fast Fourier transform
analysis of the velocity time series) with visualization techniques
using dye and a video camera to record the passage of the vor-
tices; and (ii) comparing time-averaged velocity measurements
with that obtained by the ADV in an open channel. Good results
were obtained in both cases.
Experiments were conducted for three different inlet velocities
(Uo = 0.24, 0.46 and 0.64 m/s), corresponding to jet Reynolds
numbers, Rej(= UoHo/ν) of 4.7 × 104, 9.3 × 104 and 1.3 × 105,
respectively. Velocity measurements of the horizontal velocity
component, ux, were taken across the full extent of the jet, i.e.
the first measurement was taken close to the floor of the flow com-
partment and successive measurements were taken at increasing
distances from the compartment floor. These measurements were
made at five measuring stations; x = 0.8, 1.4, 2.2, 3.4 and 5 m.
In addition, ux was measured over the entire water depth, i.e.
from the floor of the flow compartment to the free surface, for
the Rej = 1.3 × 105 case.
3 Re-circulating flow structure
A large re-circulating flow pattern was observed in the flow com-
partment. This was most pronounced for the Rej = 1.3 × 105
case, for which velocity measurements were made over the entire
water depth, as mentioned previously. The results of these mea-
surements are shown in Fig. 2. The development of the jet is
clearly depicted from the measurements. In addition, the exis-
tence of a relatively strong return flow, caused by a series of
deflections of the wall-jet, first at the downstream sluice gate and
then at the free surface, can also be seen. The return flow, mea-
sured near the free surface, was negligible up to x = 1.4 m, but
was observed to be strong at x = 2.2, 3.4 and 5 m, in some cases,
attaining values of nearly 0.5Uo. The free surface was observed
to be relatively quiescent, except for some evidence of “boiling”
near the downstream sluice gate.
The outer limit of jet growth is included in the plot, estimated
from inspection of the measured profiles. The line indicating the
outer limit of the jet shows two regions of distinct slopes, delineat-
ing the zones of flow establishment and transition, respectively.
Within the zone of flow establishment, a potential core region,
with Ux ≈ Uo is clearly seen. Once the potential core is fully
eroded, the maximum velocity decreases with increasing dis-
tance from the jet exit. In this study, the portion of the shear layer
that exists above the potential core is termed the mixing layer.
4 Jet characteristics
The variation of the momentum thickness, θ, where
θ =
∫ y0.95
y0.1
U
Um
(
1 − U
Um
)
dy
is shown in Fig. 3. U and Um are the time-averaged and the
local maximum velocities, respectively, and y0.1 and y0.95 are the
distances above the floor of the test compartment, in the outer part
of the flow, where the velocity is 0.1Um and 0.95Um, respectively.
The momentum thickness appears to be fairly independent of
Rej in the initial portion (zone of flow establishment) of the jet.
Beyond x = 2.2 m however, the change in θ with x appears to be
correlated with Rej. Figure 4 shows the variation of the maximum
horizontal velocity, Um, and the growth of the jet, in terms of the
jet half-width, y0.5, with x. In the figure, Um is normalized by
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Figure 2 Measurements of the horizontal component of velocity for a deeply submerged, horizontal wall-jet. Filled symbols indicate locations for
the spectra shown in Fig. 7.
Figure 3 Variation of the momentum thickness, θ, with distance, x,
from the jet exit.
Uo. Despite efforts to eliminate the effect of the vena contracta,
it is seen that the jet undergoes a slight acceleration and reaches
a maximum value of Um/Uo at x/Ho = 7. Um/Uo shows a
decreasing trend at measurement locations further downstream
(i.e. x/Ho = 17 and 25). The variation of Um/Uo is found to be
consistent with the data of Rajaratnam (1976). It can therefore be
inferred that the potential flow region exists for 0 ≤ x/Ho ≤∼12
and the transition region for x/Ho ≥∼12. Also shown in Fig. 4 is
the growth of the jet. The jet half-width is defined as the distance
above the floor of the test compartment where the flow velocity
in the outer portion of the jet is 0.5Um. The results are compared
with the data of Launder and Rodi (1983), which are applicable
for a fully developed wall-jet. The agreement is fair, and the
discrepancies are, in part, caused by the presence of the return
flow [as mentioned previously, the return flow was observed to
be significant beyond x = 2.2 m (x/Ho = 11)].
Figure 4 Variation of the dimensionless jet half-width, y0.5, and the
maximum horizontal velocity component, Um, with distance from the
jet exit.
The zone of flow establishment extends up to x/Ho ∼ 12.
Figure 5 shows the velocity profiles measured in the mixing layer.
The abscissa is expressed in terms of U∗ = 1 − U/Um to render
the velocity profile in the mixing layer amenable to fitting with a
hyperbolic tangent profile. The equation:
U∗ = 0.5(1 + tanh(0.4567Y∗))
where Y∗ = (y − y0.5)/θ, was found to provide a good fit to
the present data. The measured wall-jet profiles are compared
with the data of Verhoff (1963) for the fully developed turbulent
wall-jet in Fig. 6. In Fig. 6, the measured wall-jet profiles were
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U*=1-U/Um
0.0 0.2 0.4 0.6 0.8 1.0
Figure 5 Velocity profile for the mixing layer.
Figure 6 Comparison of wall-jet profile in the transition zone. Symbols
are from present experimental data. Solid line is taken from Verhoff
(1963), adapted from Rajaratnam (1976), Fig. 5.10.
measured at x/Ho = 17 and 25, i.e. downstream of the potential
core. There is some deviation in the present data from the fully
developed wall-jet data of Verhoff (1963). The largest disagree-
ment in the data occurs near U/Um = 1, and this is attributed to
downstream boundary effects.
5 Spectral analysis
A study of the periodicity of the large-scale structures was carried
out by obtaining the power spectrum of the horizontal velocity
component. The power spectrum obtained from a velocity time
series is denoted by (f). Usually, a time record was divided
into four or five sub-records, each containing 2048 discrete mea-
surements. The spectrum was then obtained for each sub-record
and the results averaged. In this way, the noise in the signals was
reduced and the trend more clearly seen. The plots are presented
in terms of the product of frequency and the power spectrum,
f(f) (Tennekes and Lumley, 1987). The ensuing graphs are
plotted using linear scales for the ordinate and logarithmic scales
for the abscissa, in order to accentuate the peaks.
Figure 7(a–c) shows the plots off(f), obtained at x/Ho = 3,
7 and 11, respectively, from velocity measurements taken at var-
ious distances from the floor of the compartment, for Rej =
1.3 × 105. Similar results were obtained for the other two flow
cases and are not presented. The exact locations where the veloc-
ity measurements were made are indicated in Fig. 2. The spectra
obtained in the potential core and mixing layer regions con-
tain strong peaks. This allows the quantification of the passage
frequencies of the vortices.
At x/Ho = 3 (Fig. 7a), where the structures were observed
to be relatively weak, there is a gradual shift in the peak of the
spectra to a higher frequency, followed by a shift back towards a
lower frequency as the mixing layer is traversed either from above
or below. The spectra are also less well defined at the middle of
the mixing layer. The large vortex structures appear as secondary
peaks in the spectra [indicated by arrows for (y−y0.5)/x = −0.02
and −0.10]. This observation agrees with those of Hussain and
Zaman (1985) in their experiments with a mixing layer. At
x/Ho = 7 and 11, that the structures were observed to be strong
and well defined is reflected by the definite peaks in the spec-
tra, irrespective of the measurement location. Ko and Davies
(1975) have found this to be true also for the axi-symmetric jet.
Their covariance measurements show that the fluctuations in the
relatively non-turbulent region are a direct cause of the dynam-
ics in the mixing layer. The power spectra peak at a frequency
of 0.3–0.4 Hz, close to the observed vortex passage frequency.
These results show that the region above the potential core, free
from the effects of the wall boundary layer, behaves very much
like a mixing layer, and that the dynamics of the passing vortex
structures have a significant influence on the spectral properties
of the flow in the core region. Figure 7(d, e) shows the spectra
at x/Ho = 17 and 25 for Uo = 0.64 m/s. The jet flow in this
region is not yet fully developed, but in a transition stage. Sev-
eral distinguishing features in the spectra exist, which are quite
different from that observed for the spectra obtained for the mix-
ing layer. It is noticed that compared to the mixing layer, the
peaks of the spectra in the shear layer are less clearly defined.
It is also observed that the peaks gradually shift to a higher fre-
quency as the measurement position is moved downwards from
the edge of the shear layer. This shift in frequency has also been
observed in the perturbed turbulent wall-jet studies by Katz et al.
(1992). The shift in the dominant frequency from a lower fre-
quency in the free shear layer to a higher frequency nearer the
wall is linked to the higher frequency fluctuations associated with
the wall boundary layer close to the floor. For an excited turbulent
wall-jet, Katz et al. (1992) have shown that the frequency of the
disturbances in the wall boundary layer can be 10 times that in
the shear layer.
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Mixed layer oscillations 121
Lastly, it should be mentioned that although definite peaks
in the individual spectra were observed, the mixing layer oscilla-
tions were not accentuated to the same degree as in the presence of
a strong fluid-dynamic feedback mechanism, observed in earlier
experiments when a downstream compartment wall was present
(Shuy and Chua, 1999).
6 Linear stability analysis and downstream
evolution of vortices
The amplification of small amplitude, wavy disturbances in a
mixing layer has been solved by various authors (Michalke, 1965;
Freymuth, 1966) for the spatially growing mode. Gaster et al.
(1985) have also extended the use of linear stability analysis to
model large-scale vortex structures in turbulent mixing layers.
A similar analysis was carried out for the present study, where
the Rayleigh equation was solved for the inviscid case, using
a Runge–Kutta procedure, as explained in the Appendix. The
measured velocity profile of the mixing layer (see Fig. 5) was
used in the analysis. The analysis showed that the most ampli-
fied disturbances occur at a dimensionless frequency, βmax, of
approximately 0.09, where βmax is defined as:
βmax = 2πfθo
Uo
and θo is a characteristic length scale of the problem. The
dimensionless frequency, βmax, represents the most unstable fre-
quency of the mixing layer. The location for the determination
of θo is not well defined for the sluice gate arrangement used in
the present experiments. The average value of the momentum
thickness measured at x/Ho = 3 and 7 was chosen as an approx-
imation of θo as it was between these locations that vortices were
first observed.
The downstream evolution of vortices, originating in the mix-
ing layer, for Uo = 0.64 m/s, is shown by comparing the
uppermost plots in Fig. 7(a–c), as illustrated in Fig. 8. The spec-
tra in Fig. 8 are plotted using the dimensionless frequency scale,
β, for the abscissa, in addition to f . Figure 8(a–c) is the spec-
tra obtained from velocity measurements for the mixing layer
(x/Ho = 3, 7 and 11) and Fig. 8(d, e) is the spectra obtained from
velocity measurements for the shear layer (x/Ho = 17 and 25).
Several observations can be made from these plots:
(i) Firstly, the spectra in the mixing layer show definite peaks
at a dimensionless frequency close to 0.09. This confirms the
predictions made by linear stability theory. Similar agreement
was obtained for Uo = 0.46 and 0.27 m/s, and are not presented.
It is also noticed that the passage frequency of the large structures
formed at the mixing layer decrease slightly with the downstream
distance when x/Ho increases from 3 to 11 (Fig. 8a–c), indicating
that some interaction between the vortices could have taken place.
(ii) The spectra in the mixing layer (Fig. 8a–c) peak at signif-
icantly higher frequencies than the spectra in the shear layer
(Fig. 8d,e). The lower peak frequency observed for the shear layer
A
B
C
D
E
Figure 8 The prediction of mixing layer oscillations using linear
stability theory Uo = 0.64 m/s, θo = 3.26 cm.
is a consequence of the interaction between the mixing layer and
the wall boundary layer, downstream of the potential core.
(iii) Minor peaks, corresponding to the peak frequency of the
fluctuations within the shear layer (fSL) can be distinguished in
the spectra of the velocity measurements in the mixing layer (Fig.
8a–c). This is probably due to a feedback mechanism, similar to
that observed by Dimotakis and Brown (1976) for the plane-
mixing layer.
(iv) Similarly, a persistence of the high frequency fluctuations
associated with the mixing layer (fML) can be distinguished in
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the spectra of the velocity measurements in the free shear layer
(Fig. 8d,e).
7 Conclusions
Measurements of the horizontal velocity component in a large
flow compartment at high Reynolds number reveal several distin-
guishing features in common with previous studies on wall-jets
and mixing layers. Spectral analysis of the horizontal velocity
component measured within the mixing layer show the existence
of definite peaks in the spectra, attributed to the passage of large
vortex structures. The vortex shedding frequency of these large
structures have been corroborated with predictions using linear
stability analysis. This analysis showed that the mixing layer
was most unstable at a disturbance dimensionless frequency of
0.09. The mixing layer oscillations were however, not accentu-
ated to the same degree as that observed in the presence of a
strong fluid-dynamic feedback mechanism investigated in earlier
experiments, when a downstream compartment wall was present
(Shuy and Chua, 1999).
Appendix
The equations of motion for the mixing layer assuming incom-
pressible flow can be written as:
∂u′
∂t
+ U ∂u
′
∂x
+ ν′ ∂U
∂y
= ν
(
∂2u′
∂x2
+ ∂
2u′
∂y2
)
∂ν′
∂t
+ U ∂ν
′
∂x
= ν
(
∂2ν′
∂x2
+ ∂
2ν′
∂y2
)
∂u′
∂x
+ ∂ν
′
∂y
= 0
(A1)
where U(y) is the average velocity in the x-direction and
u′ and v′ are the fluctuating velocity components in the
x- and y-directions, respectively, under the following assump-
tions: dU/dy  dU/dx and U  V and hence, U ≈ U(y) and
V ≈ 0. In stability theory, the mean flow, U(y), is assumed to be
Figure A1 Eigenvalues for spatial case: (a) ξ = 1.0 and (b) ξ = 0.45.
disturbed by the small disturbances, u′ and ν′, which are repre-
sented in terms of a wave, propagating in the x-direction, by the
stream function ψ(x, y, t):
ψ(x, y, t) = γ(y)ei(αx−βt) (A2)
where γ(y) is the amplitude function, α = αr + iαi, where αr
is the wave number and αi the spatial growth rate, and β is the
dimensionless frequency of the disturbance (real for the spatial
case). The amplitude function is assumed to be a function of y
alone as the mean flow is a function of y only. Putting
u′ = ∂ψ
∂y
= γ ′(y)ei(αx−βt) (A3)
ν′ = − ∂ψ
∂x
= −iαγ(y)ei(αx−βt) (A4)
and substituting for u′ and ν′ in Eq. (A1), the following fourth-
order differential equation for the disturbance in terms of the
amplitude function, γ(y), is obtained:
(U − c)(γ ′′ − α2γ) − U ′′γ = − i
αRθo
(
γ ′′′′ − 2α2γ ′′ + α4γ)
(A5)
where c = β/α and Rθo = Uoθo/ν. For large Reynolds number
flows, the viscous terms on the right-hand side of Eq. (A5) can
be neglected giving:(
U − α
β
)(
γ ′′ − α2γ)− U ′′γ = 0 (A6)
Equations (A5) and (A6) are the Orr-Sommerfeld and Rayleigh
equations, respectively. The quantities in Eq. (A6) have been
made dimensionless, using Uo and θo as velocity and length
scales, respectively, although the same symbols have been
retained. In linear stability theory, the instability process of the
mixing layer is controlled by periodically forcing the flow and
studying the growth rate as a function of the disturbance fre-
quency. It is of interest to determine β corresponding to the
maximum value of αi and this represents an eigenvalue problem,
solving Eq. (A6) for α = α(β).
Using the substitution (y) = γ ′/γ , Eq. (A6) is reduced to
the first-order non-linear ODE:
′(y) = α2 − 2 + U
′′
(U − c) (A7)
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The disturbances vanish at infinity, and hence the boundary con-
ditions for the amplitude function are γ(±∞) = 0 which implies
that (±∞) = ∓α. From Fig. 5, the mean velocity is given by:
U(y) = 1
2
(1 + tanh ξy) (A8)
where ξ = 0.45. Putting z = tanh ξy and substituting Eq. (A8)
into (A7) yields:
′(z) = α
2 − 2
ξ2(1 − z2) −
2zξ
1 + z − (2β/α) (A9)
Equation (A9) differs from Eq. (25) of Michalke (1965) due to the
inclusion of the term ξ. Equation (A9) was solved using a Runge–
Kutta procedure, for the eigenvalues, α(β) = αr − iαi over the
range −1 < z < 1. The computed eigenvalues are shown in
Fig. A1(a, b) for ξ = 1.0 and 0.45, respectively.
Notation
c = Wave celerity
f = Frequency
Ho = Opening height
Lc = Length of flow compartment
Rej = Jet Reynolds number
U = Time-averaged velocity
Uo = Inlet velocity
ux = Horizontal velocity component
W = Width of opening
x = Distance from opening
y = Distance above the floor of the flow compartment
α = (= ατ + αi) αr = wave number and αi = growth rate
β = Dimensionless frequency
γ = Amplitude function
θ = Momentum thickness
ν = Kinematic viscosity
ξ = Constant dependent on the flow profile
References
1. Albertson, M.L., Dai, Y.B., Jensen, R.A. and Rouse, H.
(1948). “Diffusion of Submerged Jets”. Trans. ASCE 115,
357–382.
2. Brown, G.L. and Roshko, A. (1974). “On Density Effects
and Large Structure in Turbulent Mixing Layers”. J. Fluid
Mech. 64(4), 775–816.
3. Dimotakis, P.E. and Brown, G.L. (1976). “The Mixing
Layer at High Reynolds Number: Large Structure Dynamics
and Entrainment”. J. Fluid Mech. 78(3), 535–560.
4. Field, R., Dunkers, K. and Forndran, A. (1990).
“Demonstration of In-receiving Water Storage of Com-
bined Sewer Overflows in a Marine Estuarine Environment
by the Flow Balance Method”. Urban Stromwater Quality
Enhancement – Source Control, Retrofitting and Combined
Sewer Technology. In: Torno H.C. (ed.), Proceedings of
an Engineering Foundation Conference organized by the
Urban Water Research Council of the ASCE, pp. 441–458.
5. Foo, M.H., Shuy, E.B. and Chen, C.N. (1995). “Entrain-
ment Across a Density Interface Inside a Flume Compart-
ment”. J. Hydraul. Res. 33(2), 181–196.
6. Freymuth, P. (1966). “On Transition in a Separated
Laminar Boundary Layer”. J. Fluid Mech. 25(4), 683–712.
7. Gaster, M., Kit, E. and Wygnanski, I. (1985). “Large
Scale Structures in a Forced Turbulent Mixing Layer”.
J. Fluid Mech. 150, 23–39.
8. Hussain, A.K.M.F. and Zaman, K.B.M. (1985). “An Exper-
imental Study of Organized Motions in the Turbulent Plane
Mixing Layer”. J. Fluid Mech. 159(1), 85–104.
9. Katz, Y., Horev, E. and Wygnanski, I. (1992). “The
Forced Turbulent Wall-Jet”. J. Fluid Mech. 242, 577–609.
10. Ko, N.W.M. and Davies, P.O.A.L. (1975). “Some Covari-
ance Measurements in a Subsonic Jet”. J. Sound Vibration
41(3), 347–358.
11. Larson, M. and Malm, J. (1992). Interfacial Mixing in a
Two-Layer Stably Stratified Flow. Report No. 3152, Institute
of Technology, University of Lund, Lund, Sweden.
12. Launder, B.E. and Rodi, W. (1983). “The Turbulent Wall-
Jet-Measurements and Modelling”. Annu. Rev. Fluid Mech.
15, 429–459.
13. Michalke, A. (1965). “On Spatially Growing Disturbances
in an Inviscid Shear Layer”. J. Fluid Mech. 23(3), 521–544.
14. Raissi, H. (1974). “Wave Oscillations in an Offshore Oil
Storage Tank”. Proceedings of the 14th Coastal Engineering
Conference, ASCE, pp. 2015–2031.
15. Rajaratnam, N. (1976). Turbulent jets. Elsevier Scientific
Publishing Co., 304 pp.
16. Roshko, A. (1976). “Structure of Turbulent Shear Flows:
A New Look”. AIAA J. 14(10), 1349–1357.
17. Schwarz, W.H. and Cosart, W.P. (1960). “The Two-
dimensional Turbulent Wall-Jet”. J. Fluid Mech. 10,
481–495.
18. Shuy, E.B. and Chua, H.C.L. (1999). “Fluid-dynamic
Feedback in Shear Layer Oscillation Below a Submerged
Sluice Gate”. J. Hydraul. Res. 37(1), 107–120.
19. Tennekes, H. and Lumley, J.L. (1987). A Short Course in
Turbulence, MIT Press, Cambridge, MA.
20. Verhoff, A. (1963). The two dimensional wall jet with
and without an external stream. Report 626, Princeton
Univ, N.J.
21. Winant, C.D. and Browand, F.K. (1974). “Vortex Pairing:
the Mechanism of Turbulent Mixing-layer Growth at Mod-
erate Reynolds Number”. J. Fluid Mech. 63(2), 237–255.
22. Wygnanski, I., Katz, Y. and Horev, E. (1992). “On the
Applicability of Various Scaling Laws to the Turbulent Wall
Jet”. J. Fluid Mech. 234, 669–690.
D
ow
nl
oa
de
d 
by
 [D
ea
kin
 U
niv
ers
ity
 L
ibr
ary
] a
t 1
5:2
2 2
1 M
ay
 20
14
 
